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PREFACE 
A r e k i n d l e d  a p p r e c i a t i o n  o f  a n  o l d  c l i c h e  h a s  t o u c h e d  o f f  
a  f l u r r y  o f  a c t i v i t y  i n  t h e  f i e l d  o f  n o n l i n e a r  dynamics  l a t e l y .  
The t r u i s m  t h a t  n o n l i n e a r i t i e s  o f t e n  l e a d  t o  w i l d  a n d  e x o t i c  
b e h a v i o r  h a s  b e e n  known f o r  a l o n g  t i m e ,  b u t  o n l y  r e c e n t l y  h a s  
it been  s t u d i e d  c a r e f u l l y ,  a n d  t h e  d i s c o v e r i e s  are s t a r t l i n g  
and  p r o f o u n d .  The s i m p l e s t  e q u a t i o n  i l l u m i n a t i n g  t h e s e  f e a t u r e s  
i s  t h e  l o g i s t i c  e q u a t i o n  ( i n  d i s c r e t e  f o r m ) ,  which  h a s  a  l o n g  
h i s t o r y  o f  a p p l i c a t i o n  t o  growth  phenomena i n  b i o l o g y  a n d  popu- 
l a t i o n  dynamics .  T h i s  e q u a t i o n  i s  a l s o  t h e  b a s i s  f o r  t h e  l o g i s t i c  
s u b s t i t u t i o n  model d e v e l o p e d  a t  IIASA by C e s a r e  M a r c h e t t i  a n d  
Nebojsa  Nak icenov ic  (1979 ,  see a l s o  Nak icenov ic  1 9 7 9 ) .  T h i s  
model i s  a  h i g h l y  e f f e c t i v e  t o o l  f o r  mode l ing  t h e  dynamics  o f  
economic marke t  s u b s t i t u t i o n ,  and  h a s  b e e n  e x t e n s i v e l y  a p p l i e d  
t o  p r i m a r y  e n e r g y  m a r k e t s  (Energy  Sys tems  Program Group 1981; 
M a r c h e t t i  e t  a l .  1 9 7 8 ) .  
T h i s  Working P a p e r  b e g i n s  w i t h  a  b r i e f  r e v i e w  o f  t h e  r e c e n t  
deve lopmen t s  i n  n o n l i n e a r  dynamics ,  f o l l o w e d  by  a  s t u d y  o f  t h e  
i m p l i c a t i o n s  t h a t  t h e s e  phenomena have  f o r  t h e  l o g i s t i c  sub-  
s t i t u t i o n  model .  The key  f i n d i n g  i s  t h a t  o n l y  h i g h l y  u n r e a l i s t i c  
p a r a m e t e r  v a l u e s  c a n  i n d u c e  c h a o t i c  b e h a v i o r  i n  t h i s  model .  
CHAOS I N  NONLINEAR DYNAMICS AND 
THE LOGISTIC SUBSTITUTION MODEL 
B i l l  Keepin  
INTRODUCTION 
Recen t  deve lopmen t s  i n  t h e  f i e l d  o f  n o n l i n e a r  dynamics  
have  g e n e r a t e d  q u i t e  a  s t i r  among s c i e n t i s t s  i n  a  v a r i e t y  o f  
d i s c i p l i n e s .  The e x c i t e m e n t  s t e m s  f rom a new a p p r e c i a t i o n  o f  
a n  o l d  f a c t ,  namely,  t h a t  n o n l i n e a r  e q u a t i o n s  c a n  e x h i b i t  w i l d  
a n d  e x o t i c  b e h a v i o r .  More s p e c i f i c a l l y ,  t h e  s o l u t i o n  t r a j e c -  
t o r i e s  o f  many n o n l i n e a r  d e t e r m i n i s t i c  s y s t e m s  p r o c e e d  from 
r e g u l a r  t o  c h a o t i c  b e h a v i o r  as a s y s t e m  p a r a m e t e r  i s  v a r i e d .  
W h a t ' s  more,  t h i s  " o n s e t  o f  c h a o s "  e v o l v e s  a t  a  r a t e  ( i n  param- 
eter  s p a c e )  which  i s  u n i q u e  f o r  l a r g e  c l a s s e s  o f  s y s t e m s .  (Hence 
t h e  name " u n i v e r s a l i t y  t h e o r y "  which i s  a t t a c h e d  t o  t h i s . )  
One p a r t i c u l a r  e q u a t i o n  t h a t  h a s  b e e n  e x t e n s i v e l y  s t u d i e d  
r e c e n t l y  i s  t h e  d i s c r e t e  l o g i s t i c  e q u a t i o n ,  which  h a s  a  l o n g  
h i s t o r y  o f  a p p l i c a t i o n  t o  v a r i o u s  g rowth  phenomena i n  b i o l o g y ,  
c h e m i s t r y ,  e p i d e m i o l o g y ,  e t c .  Al though  t h e  l o g i s t i c  p r o c e s s  i s  
i n h e r e n t l y  d e t e r m i n i s t i c ,  i t  i s  found t o  behave  i n  a n  e s s e n t i a l l y  
s t o c h a s t i c  manner f o r  c e r t a i n  p a r a m e t e r  v a l u e s .  T h i s  f e a t u r e  i s  
c h a r a c t e r i s t i c  o f  a  w ide  v a r i e t y  o f  d i s c r e t e  and  c o n t i n u o u s  s y s -  
t e m s .  The i n t e n t  o f  t h e  p r e s e n t  work i s  t o  i n v e s t i g a t e  t h i s  
phenomenon and  t o  d e t e r m i n e  what  i m p l i c a t i o n s  it m i g h t  h a v e  f o r  
the logistic substitution model developed at IIASA by C. Marchettj 
and N. Nakicenovic (1979). A basic familiarity with this model is 
assumed. (See Chapter 8 of Energy Systems Group, 1981, or the 
above reference.) 
We begin with a very brief overview of the recent develop- 
ments in nonlinear dynamics, focusing attention on the properties 
of the discrete logistic difference equation. Following this we 
present specific results obtained from implementation of this 
equation in the logistic substitution model for two competing 
technologies. 
A VERY BRIEF INTRODUCTION TO CHAOTIC PHENOMENA 
IN NONLINEAR DYNAMICS 
The best starting point is a general example. Consider 
the first order difference equation 
in which repeated iteration of an initial point xo is considered 
to model the evolution over time of a dynamic process.") For 
simplicity we assume that the xn's are real numbers, and that 
n F :  R + R has a continuous derivative (generalization to R is 
straightforward). A specific sequence of iterates xo, xl, x2,... 
is called an orbit (or trajectory) of the system. 
The first step in the analysis of (1) is to seek special 
points 2, called fixed points (or equilibrium points), which 
are time invariant; 
Thus if an evolving orbit ever attains the value 2, it remains 
there for all future time. An important consideration in this 
context is the stability of the fixed point with respect to small 
* )  For this discussion, we do not distinguish between the model 
and the process. 
p e r t u r b a t i o n s .  Suppose  t h e  n - th  term o f  a n  o r b i t  i s  d i s p l a c e d  
f rom t h e  f i x e d  p o i n t  by a n  amount 6 n ,  
I n  o r d e r  t h a t  t h e  o r b i t  a p p r o a c h e s  t h e  f i x e d  p o i n t ,  we r e q u i r e  
1 6 n + ~  1 < 6 .  For  16,1 s u f f i c i e n t l y  s m a l l ,  w e  h a v e  ( f r o m  t h e  
Mean Value Theo rem) ,  
Using ( 1 )  and  ( 2 )  t h i s  becomes 
f rom which w e  see t h a t  
x i s  s t a b l e  i f  I F t ( x ) l  < 1 , I 
x i s  u n s t a b l e  i f  I F '  (x) / > 1 . I 
A s  a  s p e c i f i c  example ,  c o n s i d e r  t h e  l o g i s t i c  d i f f e r e n c e  
e q u a t i o n ,  which h a s  t h e  s t a n d a r d  fo rm 
The set  ( X I  lbeR i s  t h e  one  p a r a m e t e r  f a n i l y  o f  a l l  p a r a b o l a s  
h a v i n g  r o o t s  a t  z e r o  and  u n i t y .  Fo r  t h i s  work,  w e  c o n s i d e r  o n l y  
p o s i t i v e  v a l u e s  o f  x  which r e q u i r e s  t h a t  b  > 0 and  xn < 1 .  To 
n '  
e n s u r e  t h e  l a t t e r ,  w e  res t r ic t  b  2 4 ( s i n c e  t h e  maximum o f  F b ( x )  
e x c e e d s  u n i t y  i f  b  > 4 ) .  Thus two d i f f e r e n t  i n t e r v a l s  a r e  i n -  
v o l v e d  h e r e .  The f i r s t  i s  t h e  s t a t e  s p a c e  ( o r  p h a s e  s p a c e )  o f  
t h e  s y s t e m ;  0 5 x  < 1 .  The s e c o n d  i s  t h e  p a r a m e t e r  s p a c e  o f  
n  - 
t h e  s y s t e m ;  0 < b  < - 4 .  A p l o t  o f  F b ( x )  i s  g i v e n  i n  F i g u r e  1 ,  
F i g u r e  1. 
- f o r  b  - 2 . 5 .  H e n c e f o r t h  w e  d r o p  t h e  s u b s c r i p t  b  o n  F b ( x )  . 
S e t t i n g  x ~ + ~  = x  w e  f i n d  two f i x e d  p o i n t s  a t  
n  
which a r e  i n d i c a t e d  i n  F i g u r e  1 by t h e  i n t e r s e c t i o n  o f  t h e  
p a r a b o l a  w i t h  t h e  l i n e  x ~ + ~  = x  . To i n v e s t i g a t e  t h e  s t a b i l i t y  
n  
o f  t h e  f i x e d  p o i n t s ,  w e  compute 
and  a p p l y i n g  t h e  s t a b i l i t y  c r i t e r i o n  ( 3 )  w e  see t h a t  z e r o  i s  
1 
s t a b l e  f o r  lbl  < 1 ,  and  u n s t a b l e  f o r  b  > 1 .  S i m i l a r l y ,  1  - 
i s  s t a b l e  f o r  1  < b  < 3 .  These  r e s u l t s  a p p l y  g l o b a l l y  i n  t h i s  
c a s e .  Thus i f  ( b l  < 1  t h e  o r b i t s  ( e v o l v i n g  from a l m o s t  a l l  
i n i t i a l  p o i n t s )  e v e n t u a l l y  a p p r o a c h  z e r o ;  and  w e  c a l l  t h e  p o i n t  
- 
x = 0  a  g l o b a l  a t t r a c t o r .  The se t  o f  a l l  i n i t i a l  p o i n t s  xo t h a t  
a r e  a t t r a c t e d  t o  x fo rm t h e  s o - c a l l e d  b a s i n  o f  a t t r a c t i o n .  
S i m i l a r l y ,  i f  b  E ( 1 , 3 )  t h e  f i x e d  p o i n t  2 = 1 - - i s  a n  a t t r a c t o r  b  
( w i t h  t h e  b a s i n  o f  a t t r a c t i o n  0  < xo < 1 ) .  The l a t t e r  s i t u a t i o n  
i s  i n d i c a t e d  i n  F i g u r e  1 f o r  a  p a r t i c u l a r  o r b i t .  S t a r t i n g  from 
a n  i n i t i a l  p o i n t  x  w e  o b t a i n  x  = F ( x o ) .  Now, b e f o r e  a p p l y i n g  0  1 
F  a g a i n ,  w e  must  tra:sfer x  back t o  t h e  x n - a x i s .  H o r i z o n t a l  1 
t r a n s l a t i o n  t o  t h e  l i n e  x  
n+ 1 = x  a c c o m p l i s h e s  p r e c i s e l y  t h i s  n  
o p e r a t i o n .  Thus t h e  o r b i t  e v o l v e s  a s  shown i n  t h e  f i g u r e ,  
e v e n t u a l l y  c o n v e r g i n g  ( i n  a n  o s c i l l a t o r y  manner)  t o  t h e  f i x e d  
p o i n t .  
Having d e s c r i b e d  t h e  b e h a v i o r  o f  t h e  l o g i s t i c  d i f f e r e n c e  
e q u a t i o n  ( 4 )  f o r  0  < b  < 3,  w e  now a s k  what happens  when b  2 3. 
F o r  b  = 3,  t h e  f i x e d  p o i n t  x = 2/3 i s  a g a i n  a  ( g l o b a l )  a t t r a c t o r ,  
- 
b u t  it i s  j u s t  b a r e l y  s t a b l e ,  i . e . ,  F 1 ( x )  = - 1 ,  and  t h e  con- 
v e r g e n c e  i s  v e r y  s low.  A s  b  i n c r e a s e s  beyond 3 ,  t h e  f i x e d  
- 
p o i n t  becomes u n s t a b l e ,  i . e . ,  F 1 ( x )  < - 1 ,  and  a l l  o r b i t s  t e n d  
t o  a  t w o - p o i n t  l i m i t  c y c l e  ( i . e . ,  a t t r a c t o r  o f  p e r i o d  2 ) .  T h i s  
p r o c e s s  i s  r e f e r r e d  t o  a s  p e r i o d  d o u b l i n g  o r  p i t c h f o r k  b i f u r -  
c a t i o n  (Feigenbaum, 1979)  . To see how it works ,  w e  c o n s i d e r  
t h e  mapping o b t a i n e d  by a p p l y i n g  F ( x )  t w i c e :  
The f i x e d  p o i n t s  o f  t h i s  mapping w i l l  c o n s i s t  o f  t h e  f i x e d  
p o i n t s  o f  t h e  o r i g i n a l  mapping p l u s  t h e  p o i n t s  o f  any p e r i o d  2 
c y c l e .  Now l e t  x be  t h e  s t a b l e  f i x e d  p o i n t  o f  t h e  o r i g i n a l  
mapping, and  l e t  us  i n v e s t i g a t e  t h e  s t a b i l i t y  o f  x f o r  t h e  
new mapping ( x )  . By t h e  c h a i n  r u l e ,  w e  r e a d i l y  f i n d  
- 2 F ( ~ )  ( x )  = ( F '  ( x )  ) 
Thus f o r  b  = 3,  s i n c e  F '  (x) = - 1 ,  w e  have  F  ( 2 ) 1  (x) = 1 ,  which 
t e l l s  us  t h a t  a t  t h e  p o i n t  ;, t h e  f u n c t i o n  F L 2 )  ( x )  i s  t a n g e n t  
t o  t h e  l i n e  x ~ + ~  = x  . A s  b  i n c r e a s e s  beyond 3 ,  F ( ~ )  (x) 
n  
i n c r e a s e s  beyond u n i t y ,  and  t h i s  n e c e s s a r i l y  g i v e s  b i r t h  t o  
two new f i x e d  p o i n t s  f o r  t h e  f u n c t i o n  F ( 2 )  ( x ) .  I t  i s  t h e s e  
two p o i n t s  which c o n s t i t u t e  t h e  s t a b l e  a t t r a c t o r  o f  p e r i o d  2 
f o r  t h e  o r i g i n a l  mapping  (May, 1 9 7 6 )  . T h i s  p r o c e s s  i s  i l l u s -  
t r a t e d  i n  F i g u r e  2. The s o l i d  c u r v e  i s  f o r  b  < 3 ,  a n d  it i s  
c l e a r  t h a t  F  ( 2 )  (x) < 1 i n  t h i s  case. A s  b  i n c r e a s e s  t h r o u g h  
3 ,  t h e  s o l i d  c u r v e  p a s s e s  s m o o t h l y  a n d  c o n t i n u o u s l y  t o  t h e  
d a s h e d  c u r v e ,  a n d  by i m a g i n i n g  t h e  i n t e r m e d i a t e  s t a g e s ,  it i s  
e a s y  t o  see t h a t  t w o  new f i x e d  p o i n t s  a p p e a r  j u s t  as  t h e  s l o p e  
o f  F ( 2 )  ( G )  i n c r e a s e s  p a s t  u n i t y  ( w h e r e  G becomes  u n s t a b l e ) .  
F u r t h e r m o r e ,  it i s  c l e a r  t h a t  t h e  s l o p e s  a t  t h e  new f i x e d  p o i n t s  
d e c r e a s e  f r o m  u n i t y  as b  i n c r e a s e s  b e y o n d  3 ,  h e n c e  t h e s e  p o i n t s  
are  s t a b l e .  
I t  i s  now n o t  d i f f i c u l t  t o  i m a g i n e  w h a t  h a p p e n s  as b  i s  
i n c r e a s e d  s t i l l  f u r t h e r .  The  s l o p e s  o f  t h e  t w o  new f i x e d  p o i n t s  
o f  F ( ~ )  ( x )  , w h i c h  are  a l w a y s  e q u a l ,  c o n t i n u e  t o  d e c r e a s e  u n t i l  
t h e y  s i m u l t a n e o u s l y  r e a c h  t h e  v a l u e  - 1 .  A t  t h i s  p o i n t ,  t h e  
p e r i o d  2  a t t r a c t o r  becomes u n s t a b l e  a n d  b i f u r c a t e s ,  g i v i n g  rise 
t o  a n  i n i t i a l l y  s t a b l e  p e r i o d  4  a t t r a c t o r .  W e  may d e n o t e  t h e  
v a l u e  o f  b  f o r  w h i c h  t h i s  o c c u r s  b y  b 4 .  I n c r e a s i n g  t h e  v a l u e  
of  b  s t i l l  f u r t h e r ,  we r e a c h  a v a l u e  b  a t  w h i c h  t h e  p e r i o d  4 8  
a t t r a c t o r  b i f u r c a t e s  t o  y i e l d  a p e r i o d  8  a t t r a c t o r ,  a n d  t h e  
p r o c e s s  c o n t i n u e s  l i k e  t h i s ,  p r o d u c i n g  a n  i n f i n i t e  s e q u e n c e  o f  
p e r i o d  z k  a t t r a c t o r s .  T h e  b a s i n s  o f  a t t r a c t i o n  f o r  t h e s e  
a t t r a c t o r s  are d i s j o i n t  i n t e r v a l s ,  o f t e n  c a l l e d  windows ,  whose  
l e n g t h s  r a p i d l y  a p p r o a c h  z e r o  as  k  + w.  S p e c i f i c a l l y ,  i f  we 
d e n o t e  by  b  t h e  v a l u e  o f  b  a t  w h i c h  t h e  f i r s t  a t t r a c t o r  o f  
k  Z k  p e r i o d  2 i s  b o r n ,  t h e n  t h e  s e q u e n c e  b 2 ,  b 4 ,  b 8 ,  ... c o n v e r g e s  
g e o m e t r i c a l l y  t o  a f i n i t e  l i m i t  bm (May, 1 9 7 6 ;  F e i g e n b a u m ,  1 9 7 8 ) .  
I n  t h e  case o f  t h e  l o g i s t i c  e q u a t i o n ,  t h i s  l i m i t  h a s  t h e  v a l u e  
b  = 3 . 5 7 0 0 .  T h e s e  i d e a s  are s u m m a r i z e d  i n  F i g u r e  3  ( a d a p t e d  
w 
f r o m  C o l l e t  a n d  Eckmann, 1980! ,  w h e r e  t h e  a t t r a c t o r s  are  d i s -  
p l a y e d  as a f u n c t i o n  o f  p a r a m e t e r  v a l u e  b .  Note t h e  r a p i d  
c o n v e r g e n c e  t o  b w .  * )  
* )  The map u s e d  t o  g e n e r a t e  F i g u r e  3  was  n o t  t h e  l o g i s t i c  i n  
s t a n d a r d  f o r m ,  b u t  r a t h e r  t h e  map x '  = 1  - b '  (x:) - ,  w i t h  n + l  
x '  c [ - 1 , 1 ]  a n d  b '  E ( 0 , 2 ) .  The l o g i s t i c  i s  e a s i l y  t r a n s f o r m e d  n  
t o  t h i s  map f o r  2  < b < - 4 ,  v i a  x '  - ( . 2 5 b  - - 5 )  x n  + 0 . 5 ,  w h e r e  n  
[ - 1 , 1 ]  + [ I - . 2 5 b 1 . 2 5 b ] ,  a n d  t h e  p a r a m e t e r  c o r r e s p o n d e n c e  i s  
b '  = . 2 5 b 2  - . 5 b .  The d y n a m i c  s t r u c t u r e  o f  t h e  t w o  maps i s  
i d e n t i c a l ,  a n d  t h e  r e a d e r  n e e d  o n l y  b e  a w a r e  t h a t  t h e  p a r a m e t e r  
s p a c e  i s  r e p r e s e n t e d  by [ 0 , 2 ]  i n  t h e  f i g u r e ,  a n d  t h e  s t a t e  s p a c e  
by [ - 1 , l I .  
0 .o 0.5 
Figure 2 .  
The phenomenon j u s t  d i s c u s s e d ,  which  i s  r e f e r r e d  t o  a s  t h e  
" o n s e t  o f  c h a o s " ,  i s  by no means l i m i t e d  t o  t h e  l o g i s t i c  e q u a t i o n ,  
b u t  i s  i n  f a c t  g e n e r i c  t o  t h e  p r o c e s s  o f  f u n c t i o n a l  i t e r a t i o n  
a s  d e s c r i b e d  by ( 1 )  . A s  l o n g  a s  F ( x )  h a s  a  hump whose s t e e p -  
n e s s  c a n  b e  t u n e d  by a  p a r a m e t e r  b ,  t h e n  t h e r e  p r o b a b l y  e x i s t s  
a n  i n f i n i t e  s e q u e n c e  o f  p e r i o d  d o u b l i n g  b i f u r c a t i o n s  ( o c c u r r i n g  
a t  b 2 ,  b q l  b8 ,  ... ) ,  which h a s  a  f i n i t e  p o i n t  o f  a c c u m u l a t i o n  
bm. A t  e a c h  b i f u r c a t i o n ,  e a c h  p o i n t  o f  t h e  e x i s t i n g  2k c y c l e  
p r o d u c e s  a  p a i r  o f  " t w i n s " ,  a s  i n  F i g u r e  2 ,  and t h e  u n i o n  o f  
a l l  t h e s e  o f f s p r i n g  c o m p r i s e s  t h e  2  k + l  c y c l e  ( H o f s t a d t e r ,  1 9 8 1 ) .  
F u r t h e r m o r e ,  t h e  s e q u e n c e  { b  c o n v e r g e s  g e o m e t r i c a l l y  a t  a  
2k 
r a t e  t h a t  i s  a s y m p t o t i c a l l y  u n i q u e  f o r  a  wide  c l a s s  o f  f u n c t i o n s .  
S p e c i f i c a l l y ,  
b  l i m  b2k 2k-l  
= 6 = 4.6692016.  .. k-tm b2k+l  - b2k 
where 6 i s  u n i v e r s a l  f o r  a l l  f u n c t i o n s  F ( x )  h a v i n g  a  q u a d r a t i c  
maximum. T h i s  r e s u l t ,  d i s c o v e r e d  by Feigenbaum (1978,  1 9 7 9 ) ,  
was t h e  s p a r k  t h a t  p rompted  much o f  t h e  r e c e n t  r e s e a r c h  i n  t h i s  
f i e l d .  The s u r p r i s i n g  f a c t  h e r e  i s  t h a t  q u a n t i t a t i v e  i n f o r -  
m a t i o n  c a n  be  o b t a i n e d  r e g a r d i n g  t h e  b e h a v i o r  o f  ( 1 )  i n  t h e  
a b s e n c e  o f  s p e c i f i c  knowledge o f  t h e  form o f  t h e  f u n c t i o n  F ( x ) .  
A c l o s e l y  r e l a t e d  d i s c o v e r y ,  a l s o  due t o  Feigenbaum, i s  t h a t  
some g e o m e t r i c a l  f e a t u r e  o f  t h e  mapping ( 1 )  i s  r e p r o d u c e d  a t  
t h e  n - t h  b i f u r c a t i o n  r e d u c e d  i n  s c a l e  by a  f a c t o r  o f  a p p r o x i -  
m a t e l y  3n, where ct i s  a n o t h e r  u n i v e r s a l  a s y m p t o t i c  c o n s t a n t  
h a v i n g  t h e  v a l u e  ct = - 2 . 5 0 2 9 . . .  T h i s  p r o p e r t y  o f  " s c a l e  
i n v a r i a n c e "  l e a d s  t o  f a s c i n a t i n g  h i e r a r c h i e s  o f  s e l f - r e p e a t i n g  
p a t t e r n s  embedded w i t h i n  one  a n o t h e r  a d  i n f i n i t u m .  Such s t r u c -  
t u r e ,  r e m i n i s c e n t  o f  t h e  C a n t o r  s e t ,  w i l l  b e  d i s c u s s e d  toward  
t h e  end  o f  t h i s  s e c t i o n .  Fo r  now, w e  n o t e  t h a t  t h e  s c a l e -  
i n v a r i a n t  f e a t u r e  i n  t h e  l o g i s t i c  p r o c e s s  i n v o l v e s  t h e  s p a c i n g  
be tween  two newborn t w i n s ,  which  i s  a p p r o x i m a t e l y  a t i m e s  s m a l l e r  
t h a n  t h e  s p a c i n g  be tween  t h e i r  p a r e n t  and  i t s  t w i n  ( H o f s t a d t e r ,  
1 9 8 1 ) .  These  s o r t s  o f  r e s u l t s  a r e  somet imes  c o l l e c t i v e l y  
r e f e r r e d  t o  a s  metric u n i v e r s a l i t y  t h e o r y ,  much o f  which  h a s  
been  p l a c e d  o n  a f i r m  m a t h e m a t i c a l  f o u n d a t i o n  by C o l l e t  and  
Eckmann ( 1 9 8 0 ) ,  Guckenheimer ( 1 9 8 0 ) ,  a n d  L a n f o r d  ( 1 9 8 0 )  . I n  
a  m a t h e m a t i c a l  c o n t e x t ,  t h e  u n i v e r s a l  c o n s t a n t  6 emerges  a s  
a n  e i g e n v a l u e  o f  a n  o p e r a t o r  o n  f u n c t i o n  s p a c e ,  and  a i s  
a s s o c i a t e d  w i t h  a  n o n l i n e a r  f i x e d  p o i n t  p rob l em ( C o l l e t  and  
Eckmann, 1980)  . 
C o n t i n u i n g  o u r  d i s c u s s i o n  o f  t h e  l o g i s t i c  e q u a t i o n ,  w e  
now a s k  what  happens  i n  t h e  c h a o t i c  r e g i o n ,  i . e . ,  f o r  b  > bm? 
A g l a n c e  a t  F i g u r e  3  s u g g e s t s  t h a t  t h i n g s  g e t  v e r y  c o m p l i c a t e d ;  
and  i n d e e d ,  a  c o m p l e t e  answer  t o  t h i s  q u e s t i o n  i s  n o t  known 
( O t t ,  1 9 8 1 ) .  However, t h e  u n d e r l y i n g  b e h a v i o r  may b e  d e s c r i b e d  
a s  f o l l o w s .  F o r  b s l i g h t l y  g r e a t e r  t h a n  bm,  o r b i t s  a r e  a t t r a c t e d  
t o  " n o i s y "  c y c l e s  o f  p e r i o d  z k  ( w i t h  k  + a s  b  d e c r e a s e s  t o  
b .  T h i s  means t h a t  t h e  o r b i t  i s  e v e n t u a l l y  c o n f i n e d  t o  2 k  
d i s j o i n t  i n t e r v a l s  i n  ( 0 , l )  which  a r e  v i s i t e d  i n  a  s p e c i f i c  
s e q u e n t i a l  o r d e r .  However, t h e  d i s t r i b u t i o n  o f  v i s i t s  w i t h i n  
any  one  o f  t h e s e  i n t e r v a l s  a p p e a r s  t o  b e  c o m p l e t e l y  c h a o t i c .  
A s  b i n c r e a s e s  a  v a l u e  i s  r e a c h e d ,  a t  which t h e  2 k  d i s j o i n t  k  
i n t e r v a l s  merge i n  p a i r s ,  c a u s i n g  t h e  n o i s y  z k  c y c l e  t o  become 
k- 1 
a n  e v e n  n o i s i e r  2 c y c l e .  A s  4 grows f u r t h e r  t h i s  p r o c e s s  o f  
" r e v e r s e  b i f u r c a t i o n "  ( L o r e n z ,  1980)  c o n t i n u e s  i n  s u c h  a  way 
- 
t h a t  t h e  s e q u e n c e  bk f o l l o w s  t h e  same s c a l i n g  r e l a t i o n  a s  i n  
- - 
( 5 )  . E v e n t u a l l y  b  r e a c h e s  t h e  v a l u e  g1 (see F i g u r e  3 ) ,  beyond 
which c h a o t i c  m o t i o n  a p p e a r s  o v e r  o n e  c o n t i n u o u s  i n t e r v a l .  T h i s  
i n t e r v a l  t h e n  w i d e n s  a s  b  c o n t i n u e s  t o  grow, a n d  it becomes t h e  
e n t i r e  p h a s e  s p a c e ,  i . e . ,  t h e  u n i t  i n t e r v a l ,  when b  r e a c h e s  t h e  
v a l u e  4 . : 2 )  I n d e e d ,  t h e  d i s c r e t e  l o g i s t i c  e q u a t i o n  w i t h  b  = 4 i s  
commonly employed a s  a  random number g e n e r a t o r .  
T h i s  i s  by no means t h e  whole  s t o r y ,  however .  The under -  
l y i n g  s t r u c t u r e  j u s t  d e s c r i b e d  i s  " i n t e r r u p t e d "  i n f i n i t e l y  o f t e n  
by t i n y  c l u s t e r s  o f  i n f i n i t e l y  many windows o f  p a r a m e t e r  v a l u e s  
i n  which  t h e r e  a r e  s t a b l e  p e r i o d i c  o r b i t s .  A few o f  t h e  w i d e s t  
o f  t h e s e  c l u s t e r s  a p p e a r  i n  t h e  c h a o t i c  r e g i o n  o f  F i g u r e  3  a s  
* )  I n  F i g u r e  3 ,  t h i s  c o r r e s p o n d s  t o  b '  = 2 ,  and  t h e  u n i t  i n t e r v a l  
c o r r e s p o n d s  t o  [ - 1 , l l .  S e e  p r e v i o u s  f o o t n o t e .  
t h i n  v e r t i c a l  gaps  ( o r  s l i t s ) .  A g i v e n  such c l u s t e r  g e n e r a l l y  
b e g i n s  w i t h  a  s t a b l e  p e r i o d  N c y c l e  ( c a l l e d  t h e  f u n d a m e n t a l ) ,  
which g i v e s  b i r t h ,  v i a  p i t c h f o r k  b i f u r c a t i o n s ,  t o  a n  i n f i n i t e  
k 
sequence o f  s t a b l e  c y c l e s  ( c a l l e d  t h e  harmonics)  o f  p e r i o d  N2 . 
Each o f  t h e s e  c y c l e s  o c c u p i e s  a  narrow window o f  p a r a m e t e r  v a l u e s  
i n  which it i s  s t a b l e .  The windows a r e  a d j a c e n t  d i s j o i n t  i n t e r -  
v a l s ,  and t h e i r  un ion  forms t h e  c l u s t e r .  Most c l u s t e r s  a r e  
e x c e e d i n g l y  narrow; t h e  w i d e s t  b e i n g  f o r  N = 3  (see F i g u r e  3) . 
The r e a d e r  may n o t i c e  t h a t  t h e  s t r u c t u r a l  form o f  a  c l u s t e r  
i s  i d e n t i c a l  t o  t h a t  o f  t h e  o r i g i n a l  sequence  of  p e r i o d  d o u b l i n g  
b i f u r c a t i o n s  d i s c u s s e d  e a r l i e r ,  and t h i s  i s  i n d e e d  t h e  c a s e .  
The r e g i o n  1  < b  < bm i s  n o t h i n g  b u t  a  v e r y  wide c l u s t e r  whose 
fundamental  c y c l e  h a s  p e r i o d  one ( N  = 1 ) .  Thus w e  see t h a t  t h e  
pa ramete r  s p a c e  i s  p o p u l a t e d  w i t h  a n  i n f i n i t e  number o f  funda-  
menta l  p e r i o d i c  o r b i t s ;  e a c h  o f  which s p r o u t s  a n  i n f i n i t y  of  
harmonics v i a  p e r i o d  d o u b l i n g  b i f u r c a t i o n s .  The a s y m p t o t i c  
s c a l i n g  c o n s t a n t s  6 and a d i s c u s s e d  above have d i f f e r e n t  v a l u e s  
f o r  d i f f e r e n t  c l u s t e r s ,  b u t  t h e y  a r e  a g a i n  " u n i v e r s a l " ,  i . e . ,  
f o r  a l l  f u n c t i o n s  F ( x )  hav ing  a  q u a d r a t i c  maximum. 
We have s e e n  how new s t a b l e  o r b i t s  a r e  born  from a  funda- 
menta l  o r b i t  ( F i g u r e  2 ) ,  b u t  i t  i s  n a t u r a l  t o  a s k  how t h e  funda- 
menta l  o r b i t  a p p e a r s  i n  t h e  f i r s t  p l a c e .  For  example,  how d i d  
a  s t a b l e  p e r i o d  3  o r b i t  sudden ly  emerge from a l l  t h a t  c h a o s ,  
e . g . ,  a t  t h e  v a l u e  b3  i n  F i g u r e  3? To answer t h i s ,  we c o n s i d e r  
t h e  mapping o b t a i n e d  by a p p l y i n g  F ( x )  t h r e e  t i m e s  
F ( ~ )  (x) = F{F [ F  ( x )  I 1 . 
A p l o t  of  t h i s  f u n c t i o n  i s  shown i n  F i g u r e  4 f o r  b  < b  ( s o l i d  3  
c u r v e )  and b  > b3  (dashed  c u r v e ) .  A s  b e f o r e ,  we imagine  t h e  
i n t e r m e d i a t e  s t a g e s  a s  t h e  s o l i d  c u r v e  p a s s e s  c o n t i n u o u s l y  t o  
t h e  dashed c u r v e .  A t  t h e  p o i n t  b  = b 3 ,  t h e  f i r s t  two v a l l e y s  
and t h e  l a s t  hump o f  t h e  f u n c t i o n  a l l  s i m u l t a n e o u s l y  touch  (and  
a r e  t a n g e n t  t o )  t h e  f i x e d  l i n e  x  n+3 = x g i v i n g  b i r t h  t o  an 
n'  
u n s t a b l e  p e r i o d  3  c y c l e .  T h i s  phenomenon i s  r e f e r r e d  t o  a s  
t a n g e n t  b i f u r c a t i o n .  A s  b  i n c r e a s e s  beyond b  t h e  v a l l e y s  3  ' 
s i n k ,  and t h e  hump rises t o  c r e a t e  s i x  new i n t e r s e c t i o n s  w i t h  
F i g u r e  4 .  
t h e  l i n e  x ~ + ~  = x  . The  s l o p e s  a t  t h r e e  o f  t h e s e  p o i n t s  a r e  
n  
g r e a t e r  t h a n  u n i t y ,  p r o d u c i n g  a n  u n s t a b l e  3 c y c l e .  The s l o p e s  
a t  t h e  r e m a i n i n g  3 p o i n t s  d e c r e a s e  f r o m  u n i t y ,  c r e a t i n g  a s t a b l e  
3 c y c l e .  T h i s  c y c l e  p e r s i s t s  u n t i l  t h e  s l o p e s  r e a c h  t h e  v a l u e  
-1 ,  b e y o n d  w h i c h  p e r i o d  d o u b l i n g  b i f u r c a t i o n  p r o d u c e s  s t a b l e  
c y c l e s  o f  p e r i o d s  6 , 1 2 , 2 4 ,  . . . 
One f i n a l  q u e s t i o n  we may a s k  i s  "how many" p a r a m e t e r  
v a l u e s  g i v e  rise t o  c h a o t i c  b e h a v i o r ?  I n  o t h e r  w o r d s ,  i f  we 
t a k e  t h e  i n t e r v a l  0  < b  5 4,  a n d  remove  f r o m  t h i s  a l l  v a l u e s  
o f  b  f o r  w h i c h  t h e r e  i s  a s t a b l e  p e r i o d i c  c y c l e ,  w h a t  i s  l e f t  
o v e r ?  I t  i s  b e l i e v e d  t h a t  t h i s  r e m a i n i n g  s e t ,  w h i c h  we d e n o t e  
by C ,  c o n t a i n s  n o  i n t e r v a l s  b u t  h a s  p o s i t i v e  L e b e s q u e  m e a s u r e  
( C o l l e t  a n d  Eckmann, 1 9 8 0 ) .  F u r t h e r m o r e ,  t h e r e  i s  a  p r o p e r  
s u b s e t  o f  C ,  a l s o  b e l i e v e d  t o  h a v e  p o s i t i v e  L e b e s q u e  m e a s u r e ,  
f o r  w h i c h  t h e  c o r r e s p o n d i n g  t r a j e c t o r i e s  e x h i b i t  " s e n s i t i v e  
d e p e n d e n c e  o n  i n i t i a l  c o n d i t i o n s "  ( R u e l l e ,  1 9 7 9 ) .    his means  
t h a t  t w o  t r a j ec to r i e s  s t a r t i n g  a r b i t r a r i l y  close t o g e t h e r  w i l l  
e v e n t u a l l y  s e p a r a t e  e x p o n e n t i a l l y .  ( T h e  a s s o c i a t e d  e x p o n e n t  i s  
c a l l e d  t h e  Lyapunov  e x p o n e n t ;  see Shaw, 1978 ;  C o l l e t  a n d  Eckmann, 
1 9 8 0 . )  Such  b e h a v i o r  i s  c h a r a c t e r i s t i c  o f  s o - c a l l e d  s t r a n g e  
a t t r a c t o r s ,  a l t h o u g h  t h e  l o g i s t i c  e q u a t i o n  d o e s  n o t  a c t u a l l y  
p o s s e s s  s u c h  a n  a t t r a c t o r .  However, t h e r e  a r e  numerous 
" a p e r i o d i c "  a t t r a c t o r s  o f  v a r y i n g  c o m p l e x i t y  i n  be tween  
s t a b l e  p e r i o d i c  o r b i t s  a n d  s t r a n g e  a t t r a c t o r s .  I n  t h e  c a s e  
o f  t h e  l o g i s t i c  e q u a t i o n  it i s  n o t  known w h e t h e r  t h e  a p e r i o d i c  
a t t r a c t o r s  a r e  t r u l y  c h a o t i c ,  o r  j u s t  p e r i o d i c  a t t r a c t o r s  h a v i n g  
v e r y  l a r g e  p e r i o d s ;  b u t  r e c e n t  r e s e a r c h  i n d i c a t e s  t h e  f o r m e r  
( O t t ,  1 9 8 1 ) .  
W e  now c o n c l u d e  o u r  d i s c u s s i o n  o f  t h e  d i s c r e t e  l o g i s t i c  
e q u a t i o n ,  b u t  h a v i n g  p r o b e d  t h i s  f a r  i n t o  n o n l i n e a r  c h a o t i c  
phenomena, it would b e  a  crime n o t  t o  g i v e  t h e  r e a d e r  a  g l i m p s e  
o f  more g e n e r a l  r e s u l t s  a n d  deve lopmen t s  a l o n g  t h e s e  l i n e s .  
From t h e  s t a n d p o i n t  o f  c l a s s i c a l  mechan ic s ,  a  p h y s i c a l  s y s t e m  
may be  c l a s s i f i e d  a s  e i t h e r  c o n s e r v a t i v e  ( e - g . ,  e n e r g y  i s  
c o n s e r v e d )  o r  d i s s i p a t i v e  ( e . g . ,  f r i c t i o n  o r  v i s c o s i t y  i s  
p r e s e n t ) .  I n  t h e  l a t t e r  c a s e ,  volume e l e m e n t s  i n  p h a s e  s p a c e  
s h r i n k  t o  z e r o  a s  t + m, w h e r e a s  t h e y  r e m a i n  c o n s t a n t  f o r  con- 
s e r v a t i v e  s y s t e m s .  The more d i s s i p a t i v e  t h e  s y s t e m ,  t h e  f a s t e r  
t h e  volume e l e m e n t s  s h r i n k ,  making it g e n e r a l l y  e a s i e r  t o  s a y  
some th ing  a b o u t  t h e  l o n g  t e r m  b e h a v i o r  o f  t h e  s y s t e m .  F o r  
e x t r e m e l y  d i s s i p a t i v e  s y s t e m s ,  t h e  a t t r a c t o r s  a r e  o f t e n  q u i t e  
s i m p l e ,  whe reas  f o r  c o n s e r v a t i v e  s y s t e m s  t h e y  c a n  b e  e x c e e d i n g l y  
c o m p l i c a t e d .  A l l  s o r t s  o f  p o s s i b i l i t i e s  l i e  i n  be tween  (Eckmann, 
1 9 8 1 ) .  
I n  t h r e e - d i m e n s i o n a l  p h a s e  s p a c e ,  it i s  n a t u r a l  t o  assume 
t h a t  a t t r a c t o r s  f o r  d i s s i p a t i v e  s y s t e m s  must  b e  s u r f a c e s  ( t w o -  
d i m e n s i o n a l ) ,  c u r v e s  ( o n e - d i m e n s i o n a l ) ,  o r  p o i n t s  (zero-d imen-  
s i o n a l ) ,  s i n c e  volume e l e m e n t s  e v e n t u a l l y  s h r i n k  t o  z e r o .  
However, it o f t e n  happens  t h a t  a n  a t t r a c t o r  h a s  n o n - i n t e g e r  
d imens ion  ( s a y ,  be tween  2 and  3 )  s o  t h a t  i t  o c c u p i e s  no volume 
b u t  h a s  a  v e r y  c o m p l i c a t e d  s t r u c t u r e .  Such a t t r a c t o r s  a r e  
t e rmed  s t r a n g e  ( o r  f r a c t a l ) ,  a n d  t h e y  a r i s e  i n  a  v a r i e t y  o f  
c o n t e x t s .  The c o n c e p t  o f  d imens ion  h e r e  i s  t h e  s o - c a l l e d  
Hausdorf  d imens ion  ( O t t ,  1981 ) , d e f i n e d  f o r  a  se t  S by 
where N ( S )  i s  t h e  minimum number o f  & - s i d e d  c u b e s  needed  t o  
E 
c o v e r  t h e  se t  S.  T h i s  d e f i n i t i o n  y i e l d s  t h e  u s u a l  i n t e g e r  
v a l u e s  f o r  " r e g u l a r "  sets and  s u r f a c e s .  Fo r  t h e  symmet r i c  
C a n t o r  set  i n  t h e  u n i t  i n t e r v a l ,  t h e  Hausdorf  d i m e n s i o n  i s  
( I n  2 )  / ( I n  3 )  .630 .  I n  g e n e r a l ,  t h e  i n t e r s e c t i o n  o f  a 
l i n e  w i t h  a  s t r a n g e  a t t r a c t o r  y i e l d s  a C a n t o r - l i k e  set  on t h e  
l i n e .  
The l o g i s t i c  e q u a t i o n  d o e s  n o t  p o s s e s s  a  s t r a n g e  a t t r a c t o r  
b e c a u s e  it i s  t o o  d i s s i p a t i v e .  However, I l a n d e l b r o t  ( 1980)  
s t u d i e d  t h e  complex l o g i s t i c  t r a n s f o r m a t i o n  z ~ + ~  = Xzn (1-zn)  , 
where zn  and  A a r e  complex ,  and  found  t h a t  t h e  b o u n d a r i e s  o f  
a d m i s s i b l e  r e g i o n s  i n  t h e  X a n d  z p l a n e s  a r e  f r a c t a l  sets  
( h a v i n g  d i m e n s i o n  g r e a t e r  t h a n  o n e ) .  
O t h e r  phenomena t h a t  o c c u r  i n  t h e  p r e s e n c e  o f  s t r a n g e  
a t t r a c t o r s  i n c l u d e  w i l d  s e p a r a t r i c e s .  I n  c e r t a i n  r e g i o n s  o f  
p h a s e  s p a c e ,  a  s e p a r a t r i x  c a n  f o l d  b a c k  on  i t s e l f  i n f i n i t e l y  
o f t e n  s o  t h a t  two p o i n t s  a r b i t r a r i l y  c l o s e  t o g e t h e r  move i n  
o p p o s i t e  d i r e c t i o n s  (which  c l e a r l y  g i v e s  r ise t o  s e n s i t i v e  
dependence  on  i n i t i a l  c o n d i t i o n s ) .  O r  two s e p a r a t r i c e s  may 
b e  i n t e r l a c e d  i n  s u c h  a  way a s  t o  i n t e r s e c t  i n  a n  u n c o u n t a b l e  
number o f  h o m o c l i n i c  p o i n t s  which  a r e  d e n s e  i n  a  c e r t a i n  r e g i o n  
( g i v i n g  t h e  f e e l i n g  o f  t h e  d e l i c a t e  s t r u c t u r e  o f  t h e  d o u b l e  
h e l i x  i n  a  DNA m o l e c u l e ) .  These  phenomena a r e  o f t e n  accompanied  
by t h e  p r o p e r t y  o f  s c a l e  i n v a r i a n c e .  Thus a r e g i o n  o f  v e r y  
i n t r i c a t e  s t r u c t u r e  w i l l  o f t e n  c o n t a i n  many embedded s u b r e g i o n s ,  
e a c h  o f  which upon m a g n i f i c a t i o n ,  h a s  t h e  e x a c t  same i n t r i c a t e  
s t r u c t u r e  a s  t h e  o r i g i n a l  r e g i o n .  T h i s  s e l f - g e n e r a t i n g  b e h a v i o r  
c o n t i n u e s  a d  i n f i n i t u m ,  p r o d u c i n g  i n f i n i t e  h i e r a r c h i e s  o f  c a r e -  
f u l l y  n e s t e d  p a t t e r n s ,  e a c h  o f  which  e x h i b i t s  t h e  e s s e n t i a l  
s t r u c t u r e  o f  t h e  who le .  N e a t l y  i n t e r w o v e n  i n t o  t h e s e  p a t t e r n s  
o f  c h a o t i c  b e h a v i o r  a r e  complementary  h i e r a r c h i e s  o f  r e g u l a r  
r e g i o n s ,  i n  which  t h e  t r a j e c t o r i e s  behave  i n  a  smooth and  
c o n t i n u o u s  way. The s t r a n g e  a t t r a c t o r  i s  t h e  s k e l e t a l  r e m a i n s  
o f  t h e s e  s t r u c t u r e s  t h a t  emerges  a s  some q u a n t i t y  o f  t h e  n o t i o n  
i s  d i s s i p a t e d  i n  t i m e .  Thus a  s t r a n g e  a t t r a c t o r  i s  r a t h e r  l i k e  
a  v e r y  c o m p l i c a t e d  s t e a d y  s t a t e  s o l u t i o n .  W e  remark  t h a t  t h e  
l o n g  t e r m  b e h a v i o r  o f  i n d i v i d u a l  o r b i t s  i s  somet imes  d e t e r m i n e d  
by v e r y  u n u s u a l  c r i t e r i a ,  s u c h  a s ,  "how i r r a t i o n a l "  a  c h a r a c t e r -  
i s t i c  p a r a m e t e r  i s .  One example o c c u r s  i n  t h e  p h y s i c s  o f  i n t e r -  
s e c t i n g  s t o r a g e  r i n g s ,  where a  g i v e n  t r a j e c t o r y  d i e s  o u t  u n l e s s  
i t s  wind ing  number r i s  " s u f f i c i e n t l y  i r r a t i o n a l , "  i . e . ,  
Ir - n /m 2 c / ~ m * * ~  f o r a l l  i n t e g e r s  n,m, 
where c i s  a  p o s i t i v i e  c o n s t a n t  (Hel lemann,  1 9 8 0 ) .  
One migh t  t h i n k  t h a t  s t r a n g e . o r  c h a o t i c  b e h a v i o r  i s  p a t h o -  
l o g i c a l ,  o c c u r r i n g  v e r y  r a r e l y ,  b u t  t h e  o p p o s i t e  i s  a c t u a l l y  
t r u e .  An i m p o r t a n t  m a t h e m a t i c a l  d i s t i n c t i o n  among s y s t e m s  i s  
t h e  n o t i o n  o f  s e p a r a b i l i t y .  S e p a r a b l e  s y s t e m s  u s u a l l y  e x h i b i t  
smooth p r e d i c t a b l e  b e h a v i o r ,  w h e r e a s  n o n - s e p a r a b l e  s y s t e m s  
g e n e r a l l y  i n c l u d e  c h a o t i c  b e h a v i o r  o f  some k i n d .  I t  h a s  been  
shown t h a t  t h e  l a t t e r  a r e  d e n s e  i n  t h e  s p a c e  o f  a l l  a n a l y t i c  
s y s t e m s  (Hel lemann,  1 9 8 0 ) ,  s o  t h a t  s e p a r a b l e  s y s t e m s  a r e  t r u l y  
t h e  e x c e p t i o n  r a t h e r  t h a n  t h e  r u l e .  F u r t h e r m o r e ,  v e r y  s i m p l e  
s y s t e m s  c a n  p o s s e s s  h i g h l y  c o m p l i c a t e d  dynamics .  To g i v e  a n  
example ,  o n e  o f  t h e  most  c e l e b r a t e d  s t r a n g e  a t t r a c t o r s  ( c a l l e d  
t h e  Lorenz  A t t r a c t o r )  a r i s e s  o u t  o f  a  s i m p l e  f i r s t - o r d e r  l i n e a r  
d i f f e r e n t i a l  s y s t e m  which  i s  p e r t u r b e d  by a  smooth we l l -behaved  
n o n l i n e a r  t e r m :  
where A i s  a  c o n s t a n t  r e a l  3 x  3 m a t r i x .  
W e  b r i e f l y  remark t h a t  f o r  c o n t i n u o u s  f i r s t - o r d e r  2 i f f e r e n -  
t i a l  s y s t e m s ,  a t  l e a s t  t h r e e  d i m e n s i o n s  a r e  r e q u i r e d  i n  o r d e r  t o  
o b s e r v e  c h a o s .  S i m i l a r  s y s t e m s  i n  one  a n d  two d i m e n s i o n s  h a v e  
t r a j e c t o r i e s  which  n e v e r  bend  back  o n  t h e m s e l v e s  i n  s u c h  a  way 
a s  t o  p roduce  c h a o s .  However, f o r  d i s c r e t e  s y s t e m s ,  o n l y  o n e  
d imens ion  i s  r e q u i r e d  f o r  c h a o s  ( a s  w e  saw above  w i t h  t h e  l o g i s t i c  
e q u a t i o n ) .  I n  t h i s  c a s e ,  t h e  a s s o c i a t e d  map i s  n e c e s s a r i l y  non- 
i n v e r t i b l e ,  meaning t h a t  i t  i s  i m p o s s i b l e  t o  p r o c e e d  backwards  i n  
t i m e .  
W e  c l o s e  t h i s  s e c t i o n  w i t h  a  few comments. One p o i n t ,  i n  
r e g a r d  t o  metric u n i v e r s a l i t y  t h e o r y ,  i s  t h a t  t h e  v a l u e  o f  t h e  
a s y m p t o t i c  c o n s t a n t s  6 a n d  a a r e  d e p e n d e n t  o n  t h e  p r e s e n c e  o f  a  
q u a d r a t i c  n o n l i n e a r i t y .  S i n c e  a l m o s t  e v e r y  n o n l i n e a r  f u n c t i o n  
i s  l o c a l l y  q u a d r a t i c  ( v i a  t h e  T a y l o r  e x p a n s i o n ) ,  it i s  n o t  v e r y  
s u r p r i s i n g  t h a t  d a n d  a a r e  " u n i v e r s a l . "  F u r t h e r m o r e ,  t h i s  t h e o r y  
i s  n o t  c o m p l e t e l y  new, a s  it i s  c l o s e l y  r e l a t e d  t o  r e n o r m a l i z a t i o n  
g r o u p  a n a l y s i s  i n  s t a t i s t i c a l  mechan ic s  ( C o l l e t  a n d  Eckman, 1 9 8 0 ) .  
Ano the r  p o i n t  t o  b e a r  i n  mind i s  t h a t  t h e  i n t r i c a t e  s t r u c t u r e  o f  
i n f i n i t e  n e s t e d  p a t t e r n s  i s  a  m a t h e m a t i c a l  phenomenon, and  c o u l d  
n e v e r  be o b s e r v e d  p h y s i c a l l y .  I f  n o t h i n g  else ,  t h e  H e i s e n b e r g  
u n c e r t a i n t y  p r i n c i p l e  i s  t h e  e s s e n t i a l  l i m i t i n g  f a c t o r .  T h i s  i s  
n o t  t o  imply  t h a t  t h e  r e s u l t s  d e s c r i b e d  above  d o  n o t  h a v e  p h y s i c a l  
a p p l i c a t i o n s .  On t h e  c o n t r a r y ,  t h e r e  a r e  numerous a p p l i c a t i o n s ,  
t h e  most  d r a m a t i c  o f  which i s  i n  f l u i d  mechan ic s .  The p r o g r e s s i o n  
f rom l a m i n a r  t o  t u r b u l e n t  f l o w  h a s  b e e n  s u c c e s s f u l l y  modeled v i a  
p e r i o d  d o u b l i n g  b i f u r c a t i o n s  l e a d i n g  f rom s t a b l e  t o  c h a o t i c  be- 
h a v i o r .  I n d e e d ,  t h e  Feigenbaum c o n s t a n t s  d a n d  a have  been  ob- 
s e r v e d  e x p e r i m e n t a l l y  ( H o f s t a d t e r ,  1981 ) , which g r e a t l y  c o r r o b o -  
r a t e s  t h e  t h e o r y .  O t h e r  a p p l i c a t i o n s  o c c u r  i n  v a r i o u s  f i e l d s  
s u c h  a s  c e l e s t i a l  m e c h a n i c s ,  h i g h  e n e r g y  p h y s i c s ,  s c a t t e r i n g  
t h e o r y ,  and  t h e r m a l  p h y s i c s  (Eckmann, 1 9 8 1 ) .  
APPLICATION TO THE LOGISTIC SUBSTITUTION IIODEL 
W e  now s e t  o u t  t o  d e t e r m i n e  what  i m p l i c a t i o n s ,  i f  a n y ,  t h e  
complex b e h a v i o r  d e s c r i b e d  i n  t h e  l a s t  s e c t i o n  h a s  f o r  t h e  l o g i s -  
t i c  s u b s t i t u t i o n  model .  Fo r  t h i s  p u r p o s e  w e  c o n s i d e r  t h e  s i m p l e s t  
c a s e ,  namely,  two compe t ing  t e c h n o l o g i e s ,  o r  m a r k e t  s h a r e s .  S i n c e  
t h e  two f r a c t i o n a l  s h a r e s  mus t  a lways  sum t o  u n i t y ,  t h e r e  i s  o n l y  
one i n d e p e n d e n t  v a r i a b l e  i n  t h e  problem.  From t h e  l o g i s t i c  i n  
s t a n d a r d  form ( 4 ) ,  w e  o b t a i n  a  more g e n e r a l  v e r s i o n  v i a  t h e  
b  t r a n s f o r m a t i o n  f  = - x  . T h i s  y i e l d s  t h e  f o l l o w i n g :  
n  a n  
Now l f  a  g i v e n  t e c h n o l o g y  e v e r  a t t a i n s  e i t h e r  100%  o r  0 %  o f  t h e  
m a r k e t  ~t r e t a i n s  t h a t  s h a r e  f o r  a l l  f u t u r e  t i m e .  Thus  w e  ililposc 
f i x e d  p o i n t s  a t  0  a n d  1 ,  t h e  f i r s t  o f  w h i c h  i s  p r e s e n t  i n  ( 6 )  a s  
it s t a n d s .  F o r  t h e  f i x e d  p o i n t  a t  u n i t y ,  w e  s e t  f n + l  = f  = 1 ,  
n  
which  y i e l d s  b  = a  + 1 .  Thus  ( 6 )  becomes 
W e  h a v e  a  = b  - 1 ,  s o  t h e  p a r a m e t e r  a  i n  t h i s  e q u a t i o n  c o r r e s p o n d s  
t o  o n e  less t h a n  t h e  p a r a m e t e r  b  i n  ( 3 ) ,  a n d  t h e  p a r a m e t e r  s p a c e  
i s  now g i v e n  by a  E ( - 1 , 3 ) .  T h e r e  i s  now a  d i r e c t  c o r r e s p o n d e n c e  
be tween  t h i s  d i s c r e t e  mode l  and  t h e  c o n t i n u o u s  l o g i s t i c  mode l  
wh ich  h a s  t h e  f o r m  
where  t h e  p a r a m e t e r  a  i n  ( 7 )  i s  a n a l o g o u s  t o  t h e  " a n n u a l  a d o p t i o n  
r a t e "  r i n  (8). 
F o r  p u r p o s e s  o f  m o d e l i n g  e c o n o ~ . i c  phenomena s u c h  as m a r k e t  
s u b s t i t u t i o n ,  t h e  d i s c r e t e  l o g i s t i c  may b e  more a p p r o p r i a t e  t h a n  
t h e  c o n t i n u o u s  v e r s i o n .  The l a t t e r  i m p l i e s  c o n t i n u o u s  a d j u s t m e n t  
o f  t h e  m a r k e t  s h a r e s ,  a s  i f  d a t a  c o n c e r n i n g  t h e  v a l u e s  o f  t h e  
s h a r e s  t h e m s e l v e s  we r e  c o n t i n u o u s l y  a v a i l a b l e .  T h i s  i s  c o n t r a r y  
t o  e conomic  r e a l i t y ,  wh e r e  d e c i s i o n s  a r e  made p e r i o d i c a l l y  ( e . g .  
a n n u a l l y )  b a s e d  o n  d a t a  t h a t  a r e  a l s o  a v a i l a b l e  o n l y  p e r i o d i c a l l y .  
The d i s c r e t e  model more a c c u r a t e l y  r e f l e c t s  t h i s  s i t u a t i o n .  
F u r t h e r m o r e ,  t h e  d i s c r e t e  model  h a s  a  b u i l t - i n  t i m e  l a g ,  mean ing  
t h a t  some a c c o u n t  i s  t a k e n  o f  p r i o r  m a r k e t  c o n d i t i o n s .  The  con -  
t i n u o u s  mode l ,  h o we v e r ,  i g n o r e s  p a s t  i n f o r m a t i o n  a l t o g e t h e r ,  wh ich  
i s  d i f f i c u l t  t o  j u s t i f y  i n  v i e w  o f  economic  p r a c t i c e .  
B e f o r e  c o n t i n u i n g  f u r t h e r  w e  p a u s e  b r i e f l y  t o  compare  t h e  
n u m e r i c a l  r e s u l t s  o b t a i n e d  f rom t h e  d i s c r e t e  a n d  c o n t i n u o u s  l o g i s -  
t i c  m o d e l s .  F o r  t h i s  p u r p o s e  two p a r a m e t e r  v a l u e s  a r e  c h o s e n :  
r = a  = 0 . 0 5 ,  0 . 3 0 .  The f i r s t  v a l u e  i s  t y p i c a l  f o r  t h e  many 
e x p e r i m e n t s  c a r r i e d  o u t  by M a r c h e t t i  a n d  N a k i c e n o v i c  ( 1 9 7 8 ) ,  a n d  
t h e  s e c o n d  v a l u e  i s  q u i t e  l a r g e  a n d  r a r e l y  o b s e r v e d .  The r e s u l t s  
a r e  p r e s e n t e d  i n  T a b l e  1 .  I t  i s  c l e a r  f rom t h e  t a b l e  t h a t  t h e  
a g r e e m e n t  be tween  t h e  two p r o c e s s e s  i s  e x c e l l e n t  f o r  a = 0 . 0 5 ,  
and n o t  q u i t e  s o  good f o r  a  = 0 . 3 0 .  T h i s  i s  e x p l a i n e d  f rom t h e  
o b s e r v a t i o n  t h a t  t h e  d i s c r e t e  l o g i s t i c  may b e  v iewed a s  a n  app rox -  
i m a t i o n  t o  t h e  c o n t i n u o u s  l o g i s t i c .  S t a r t i n g  w i t h  ( 8 ) ,  we have  
- f ( t  + A t )  - f ( t )  = a f ( t )  [1  - f ( t )  1 , f '  ( t )  - A t  
which c o r r e s p o n d s  t o  
Comparing t h i s  w i t h  ( 7 )  we see t h a t  t h e  p a r a m e t e r  a  i n c o r p o r a t e s  
b o t h  t h e  a d o p t i o n  r a t e  a a n d  t h e  mesh s i z e  A t .  A s  A t  -+ 0 ,  a  + 0, 
s o  t h e  a g r e e m e n t  be tween  d i s c r e t e  and  c o n t i n u o u s  mode l s  improves  
f o r  d e c r e a s i n g  a .  I n  any  c a s e ,  t h e  a g r e e m e n t  i s  q u i t e  good f o r  
s m a l l  a ,  a n d  w e  may s a f e l y  r e p l a c e  t h e  c o n t i n u o u s  l o g i s t i c  w i t h  
t h e  d i s c r e t e  v e r s i o n  f o r  t h e  g r e a t  m a j o r i t y  o f  a p p l i c a t i o n s  o f  
t h e  l o g i s t i c  s u b s t i t u t i o n  model .  
Now w e  w i s h  t o  see wha t  happens  a s  t h e  p a r a m e t e r  a  i n c r e a s e s  
i n t o  t h e  c h a o t i c  r e g i o n .  F o r  a  - < 1 ,  e v e r y t h i n g  b e h a v e s  a s  e x -  
petted, w i t h  t h e  new t e c h n o l o g y  i n c r e a s i n g  i t s  m a r k e t  s h a r e  
m o n o t o n i c a l l y  t o  u n i t y  a s  t i m e  moves f o r w a r d .  However, f o r  
a  > 1 ,  w e  s u d d e n l y  e n c o u n t e r  a  s e r i o u s  p r o b l e m .  Conve rgence  t o  
t h e  f i x e d  p o i n t  a t  u n i t y  i s  now o s c i l l a t o r y ,  meaning t h a t  t h e  
m a r k e t  s h a r e  some t imes  e x c e e d s  o n e .  F o r m a l l y  t h i s  means t h a t  
t h e  model i s  no l o n g e r  a p p l i c a b l e ,  b u t  w e  c o n t i n u e  u n d a u n t e d  by 
t h i s ,  and  " n o r m a l i z e "  t h e  e q u a t i o n  s o  a s  t o  p r e v e n t  t h e  m a r k e t  
s h a r e s  f rom e v e r  e x c e e d i n g  u n i t y .  T h i s  f o r c e s  t h e  f i x e d  p o i n t  
( p r e v i o u s l y  a t  u n i t y )  t o  m i g r a t e  downward a s  t h e  p a r a m e t e r  a  
i n c r e a s e s  beyond o n e .  The model now h a s  the form ( f o r  d e t a i l s  
see t h e  Appendix)  : 
Table 1. Comparison of discrete and continuous 
logistic processes. 
Typical case Extreme case 
time continuous discrete continuous discrete 
For  la1 < 1 ,  t h i s  model i s  i d e n t i c a l  t o  t h e  o r i g i n a l  model ( 7 ) ;  
and  f o r  a  > 1  it h a s  t h e  same dynamic s t r u c t u r e  a s  t h e  o r i g i n a l  
model w h i l e  e n s u r i n g  t h a t  t h e  marke t  s h a r e s  a l w a y s  r e m a i n  w i t h i n  
t h e  u n i t  i n t e r v a l .  
The d i s c r e t e  l o g i s t i c  p r o c e s s  i n  t h e  form ( 1  1 )  h a s  been  
implemented  w i t h i n  t h e  marke t  p e n e t r a t i o n  s o f t w a r e  d e v e l o p e d  
by Nak icenov ic  ( 1  979)  . P r e s e n t e d  below a r e  s e v e r a l  p l o t s  f o r  
two h y p o t h e t i c a l  c o m p e t i n g  t e c h n o l o g i e s ,  which w e r e  g e n e r a t e d  
f o r  s e l e c t e d  v a l u e s  o f  t h e  a n n u a l  a d o p t i o n  r a t e  p a r a m e t e r  a .  
I n  a l l  c a s e s ,  t h e  new t e c h n o l o g y  b e g i n s  w i t h  a  1 %  s h a r e  o f  t h e  
m a r k e t ,  and  200 i t e r a t i o n s  a r e  pe r fo rmed  ( a s  i n d i c a t e d  by t h e  
t i m e  s p a n  o f  200 y e a r s ,  1900 - 2 1 0 0 ) .  To anyone  who i s  f a m i l i a r  
w i t h  marke t  p e n e t r a t i o n  c u r v e s ,  t h e s e  p l o t s  w i l l  a p p e a r  com- 
p l e t e l y  r i d i c u l o u s ,  b u t  t h e y  d o  d e m o n s t r a t e  wha t  t h e  t i m e -  
honored  l o g i s t i c  p r o c e s s  w i l l  do when s u f f i c i e n t l y  provoked  by 
l a r g e  p a r a m e t e r  v a l u e s .  
F i g u r e s  5  t h r o u g h  7  p r e s e n t  h y p o t h e t i c a l  m a r k e t  s h a r e s  f o r  
a  = 1 . 9 ,  2 .0 ,  and  2 . 1 ,  r e s p e c t i v e l y .  I n  a l l  c a s e s ,  t h e  d e c l i n i n g  
t e c h n o l o g y  s i m p l y  mirrors  t h e  dynamics  o f  t h e  growing  t e c h n o l o g y  
( s i n c e  t h e y  add  up t o  one) ;  t h u s  w e  f o c u s  a t t e n t i o n  o n  t h e  l a t t e r  
o n l y .  For  v a l u e s  o f  a  ( 2 ,  conve rgence  i s  o s c i l l a t o r y  t o  a  s i n g l e  
f i x e d  p o i n t ,  a s  shown i n  F i g u r e  5 .  A t  a  = 2,  w e  a g a i n  have  con-  
ve rgence  t o  a  s i n g l e  f i x e d  p o i n t  ( F i g u r e  6 )  , b u t  t h e  conve rgence  
i s  e x t r e m e l y  s l o w  s i n c e  t h i s  i s  t h e  t h r e s h o l d  o f  b i f u r c a t i o n  
( r e c a l l  t h a t  a  c o r r e s p o n d s  t o  b - 1 ) .  F o r  a  > 2 ,  t h e  o r b i t  i s  
a t t r a c t e d  t o  a  p e r i o d  2  c y c l e ,  a s  shown i n  F i g u r e  7.  I n c r e a s i n g  
t h e  v a l u e  o f  p a r a m e t e r  a  f u r t h e r ,  t h i s  p e r i o d  2  c y c l e  w i d e n s ,  
e v e n t u a l l y  b i f u r c a t i n g  i n t o  a  p e r i o d  4 c y c l e ,  a s  s e e n  i n  F i g u r e  8 
( f o r  a  = 2 . 5 )  . F o r  c l a r i t y ,  o n l y  t h e  c u r v e  f o r  t h e  new t echno-  
l o g y  i s  shown h e r e .  A t  t h e  t h r e s h o l d  o f  c h a o s  ( a m  = 2.57)  , 
F i g u r e  9  d i s p l a y s  a n  i n t e r e s t i n g  p a t t e r n .  A t  f i r s t  g l a n c e  it 
l o o k s  l i k e  a  p e r i o d  4 c y c l e .  C l o s e r  i n s p e c t i o n  r e v e a l s  t h a t  it 
i s  more n e a r l y  a  p e r i o d  32 c y c l e ,  b u t  t h i s  t o o  i s  n o t  c o r r e c t  
i f  one  l o o k s  v e r y  c a r e f u l l y .  S i n c e  t h e  v a l u e  o f  a m  i s  n o t  
p r e c i s e l y  2 . 5 7 ,  t h i s  c u r v e  c o u l d  be e i t h e r  a n  a p e r i o d i c  o r b i t  
o r  a  p e r i o d i c  c y c l e  w i t h  a  v e r y  l o n g  p e r i o d ;  t h e  d i s t i n c t i o n  
c a n n o t  b e  made f rom t h e  f i g u r e .  
Moving i n t o  t h e  c h a o t i c  r e g i o n ,  f o r  a  = 2.603 ,  w e  have  
what a p p e a r s  t o  b e  a  n o i s y  p e r i o d  18 c y c l e ,  a s  shown i n  F i g u r e  10 .  
I n c r e a s i n g  t h e  v a l u e  o f  a  t o  2.8284, w e  e n c o u n t e r  t h e  s t a b l e  
p e r i o d  3  c y c l e  shown i n  F i g u r e  11.  The g r a p h  l o o k s  l i k e  a  s i m p l e  
two p o i n t  o s c i l l a t i o n ,  b u t  close i n s p e c t i o n  r e v e a l s  it t o  b e  a  
p e r i o d  3  c y c l e ,  a s  emphas i zed  by t h e  t h r e e  r e p r e s e n t a t i v e  d o t s  
i n  t h e  f i g u r e .  F i n a l l y ,  i n  F i g u r e  12 ,  w e  see f u l l y  c h a o t i c  
o r b i t s  s p r e a d  o v e r  t h e  e n t i r e  p h a s e  s p a c e  ( a  = 3.0)  . 
The b a s i c  q u e s t i o n  which w e  f i n a l l y  need  t o  a d d r e s s  i s :  
what d o e s  a l l  t h i s  mean f o r  t h e  l o g i s t i c  s u b s t i t u t i o n  model?  
E a r l i e r  w e  g l o s s e d  o v e r  a n  i m p o r t a n t  f a c t :  t h e  d i s c r e t e  l o g i s t i c  
s u b s t i t u t i o n  model b r e a k s  down f o r  a  > 1  b e c a u s e  it p e r m i t s  m a r k e t  
s h a r e s  t o  e x c e e d  u n i t y .  A s  t h e  p a r a m e t e r  a  i n c r e a s e s ,  w e  may 
t a k e  t h i s  t o  mean e i t h e r  t h e  a d o p t i o n  r a t e  i s  growing ,  or  t h e  
t i m e  i n t e r v a l s  a r e  g rowing .  Choos ing  t h e  l a t t e r  i n t e r p r e t a t i o n ,  
it may be  e x p e c t e d  t h a t  any  d i s c r e t e  model f o r  t h e  p r e d i c t i o n  o f  
t i m e  series d a t a  w i l l  e v e n t u a l l y  exceed  i t s  l i m i t s  o f  a p p l i c a -  
b i l i t y  a s  t h e  t i m e  mesh becomes i n c r e a s i n g l y  c o a r s e .  I n  t h e  
p r e s e n t  c a s e ,  a s  A t  g rows ,  t h e r e  comes a  p o i n t  when t h e  model 
p r e d i c t s  a  m a r k e t  s h a r e  e x c e e d i n g  u n i t y  a t  t i m e  t + A t ,  b a s e d  on  
i n f o r m a t i o n  a v a i l a b l e  a t  t i m e  t .  S i n c e  t h i s  i s  u n a c c e p t a b l e ,  w e  
c o n c l u d e  t h a t  t h e  model i s  a p p l i c a b l e  o n l y  i f  t h e  t i m e  mesh i s  
s u i t a b l y  r e s t r i c t e d ,  which  i n  t h i s  c a s e  means la1 5 1 .  A s  it 
happens ,  t h i s  i s  n o t  a  s e v e r e  l i m i t a t i o n  s i n c e  a c t u a l  v a l u e s  
f o r  t h e  a n n u a l  a d o p t i o n  r a t e  a r e  t y p i c a l l y  i n  t h e  r a n g e  f rom 
0.01 t o  0 .30 .  
A n a t u r a l  q u e s t i o n  t o  a s k  i s  why t h e  d i s c r e t e  l o g i s t i c  
e x h i b i t s  c h a o s  whereas  t h e  c o n t i n u o u s  l o q i s t i c  d o e s  n o t .  To 
answer  t h i s ,  w e  must  c o n s i d e r  t h e  m a t h e m a t i c a l  r e l a t i o n s h i p  
be tween  d i s c r e t e  and  c o n t i n u o u s  dynamica l  s y s t e m s ,  which  may be 
i l l u s t r a t e d  a s  f o l l o w s .  C o n s i d e r  a  c o n t i n u o u s  c u r v e  i n  t h r e e -  
d i m e n s i o n a l  s p a c e  d e f i n i n g  t h e  s o l u t i o n  t r a j e c t o r y  o f  a  
F / ( 1  - F) Fraction ( F )  
Figure 5. Hypothetical market shares using discrete logistic; 
a = 1.90. 
F / (1  - F) Fraction (F )  
Figure 6. Hypothetical market shares using discrete logistic; 
a = 2.00. 
1 - F )  F ractic 
Figure 7. Hypothetical market shares using discrete logistic; 
a = 2.10. 
F / ( 1  - F )  Fraction (F) 
Figure 8. Hypothetical market shares using discrete logistic; 
a = 2.50. 
F / (1 - F) Fraction (F)  
Figure 9. Hypothetical market shares using discrete logistic; 
a = 2.57. 
F / ( 1  - F) Fraction (F) 
Figure 10. Hypothetical market shares using discrete logistic; 
a = 2.603. 
F /  (1 - F) Fraction (F) 
Figure 1 1 .  Hypothetical market shares using discrete logistic; 
a = 2.5284. 
F / ( 1  - F) Fraction (F) 
Figure 12. Hypothetical market shares using discrete logistic; 
a = 3.00. 
d i f f e r e n t i a l  sys t em.  Now t a k e  a  s u r f a c e  i n  t h i s  s p a c e ,  and 
c o n s i d e r  t h e  i n t e r s e c t i o n s  o f  t h e  c o n t i n u o u s  t r a j e c t o r y  w i t h  
t h i s  s u r f a c e  ( c a l l e d  t h e  " s u r f a c e  o f  s e c t i o n " ) .  These  i n t e r -  
s e c t i o n s  are p o i n t s  which  d e f i n e  t h e  o r b i t  o f  a  d i s c r e t e  dynam- 
i c a l  s y s t e m  known a s  a  P o i n c a r 6  map ( H i r s c h  and  Smale,  1 9 7 4 ) .  
C l e a r l y ,  t h e r e  a r e  many p o s s i b l e  ~ o i n c a r 6  maps depend ing  on  t h e  
c h o i c e  o f  t h e  s u r f a c e  o f  s e c t i o n .  I n  any  c a s e ,  s u c h  a  map i s  a  
d i s c r e t e  r e p r e s e n t a t i o n  o f  t h e  o r i g i n a l  c o n t i n u o u s  s y s t e m ,  and  
h a s  s i m i l a r  dynamic s t r u c t u r e .  I n  t h e  c a s e  a t  hand ,  t h e  d i s c r e t e  
l o g i s t i c  p r o c e s s  i s  a  PoincarG map n o t  f o r  t h e  c o n t i n u o u s  l o g i s t i c  
e q u a t i o n ,  b u t  f o r  t h e  V o l t e r r a  d i f f e r e n t i a l  s y s t e m  ( f o r  two com- 
p e t i n g  s p e c i e s )  w i t h  a  t i m e  d e l a y  added  ( S h i b a t a  and  Nobuhiko, 
1 9 8 0 ) .  I t  i s  t h e  t i m e  d e l a y  t h a t  g i v e s  rise t o  b i f u r c a t i o n  and  
c h a o s ,  and  t h i s  c o m p l i c a t e d  b e h a v i o r  i s  p r e s e r v e d  i n  t h e  P o i n c a r g  
map. Thus,  a l t h o u g h  t h e  d i s c r e t e  l o g i s t i c  e q u a t i o n  c a n  be  e a s i l y  
o b t a i n e d  f rom i t s  c o n t i n u o u s  c o u n t e r p a r t  (see Eqs .  ( 8 )  t h r o u g h  
( 1 0 )  above )  , t h e  two e q u a t i o n s  r e p r e s e n t  v e r y  d i f f e r e n t  dynamic 
p r o c e s s e s ,  b e c a u s e  t h e  fo rmer  i n c o r p o r a t e s  a  t i m e  l a g  whereas  
t h e  l a t t e r  d o e s  n o t  (see May, 1 9 8 0 ) .  T h i s  i s  a  good i l l u s t r a t i o n  
o f  t h e  f a c t  t h a t  d i s c r e t i z a t i o n  o f  c o n t i n u o u s  s y s t e m s  o f t e n  l e a d s  
t o  models  h a v i n g  d r a s t i c a l l y  d i f f e r e n t  dynamic s t r u c t u r e s .  
I n  c o n c l u s i o n ,  t h e  c h a o t i c  b e h a v i o r  o f  t h e  l o g i s t i c  p r o c e s s  
o c c u r s  f o r  p a r a m e t e r  v a l u e s  t h a t  a r e  c o m p l e t e l y  u n r e a l i s t i c  f o r  
marke t  s u b s t i t u t i o n  p r o c e s s e s .  I n  a d d i t i o n ,  t h e  d i s c r e t e  l o g i s -  
t i c  e q u a t i o n  c e a s e s  t o  be  a n  a p p r o p r i a t e  model f o r  marke t  pene-  
t r a t i o n  phenomena l o n g  b e f o r e  any u n u s u a l  b e h a v i o r ,  s u c h  a s  
b i f u r c a t i o n ,  i s  e n c o u n t e r e d .  Al though o n e  c a n  c e r t a i n l y  imagine  
t h e  p o s s i b i l i t y  o f  some t y p e  o f  c h a o s  i n  r e a l  m a r k e t  s y s t e m s ,  it 
i s  u n r e a s o n a b l e  t o  e x p e c t  t h a t  a  h i g h l y  a g g r e g a t e d  and  s i m p l i f i e d  
model s u c h  a s  t h e  l o g i s t i c  e q u a t i o n  c o u l d  b e  d i r e c t l y  a p p l i e d  i n  
s u c h  a  c a s e .  However, one  s h o u l d  be c a u t i o u s  h e r e ,  b e c a u s e  t h e  
s t r u c t u r e  o f  l o g i s t i c  c h a o s  i s  common t o  many p h y s i c a l  s y s t e m s ,  
e . g . ,  a r k d e n t  f l o w ,  and  c o u l d  f i n d  new a p p l i c a t i o n  i n  a  v a r i e t y  
o f  f i e l d s ,  i n c l u d i n g  economics .  
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APPENDIX 
W e  d e s c r i b e  h e r e  t h e  n o r m a l i z a t i o n  p r o c e d u r e  f o l l o w e d  t o  
o b t a i n  t h e  m o d i f i e d  l o g i s t i c  model ( 1 1 ) .  
S i n c e  w e  a r e  f o r c e d  t o  s a c r i f i c e  t h e  f i x e d  p o i n t  a t  u n i t y ,  
w e  r e t u r n  t o  t h e  l o g i s t i c  e q u a t i o n  i n  t h e  g e n e r a l  form ( 6 ) ;  
A s i m p l e  c a l c u l a t i o n  shows t h a t  
D i v i d i n g  by t h i s  q u a n t i t y ,  a  new f u n c t i o n  F ( f )  i s  o b t a i n e d  which 
n e v e r  e x c e e d s  u n i t y :  
where X r a / b .  A s i m p l e  s t a b i l i t y  a n a l y s i s  shows t h a t  t h e r e  i s  
a  f i x e d  p o i n t  a t  (4X - 1 ) / 4 X 2 ,  which i s  s t a b l e  f o r  1 / 4  < X < 3/4.  
W e  d e f i n e  a  s i m p l e  l i n e a r  t r a n s f o r m a t i o n  o f  pa ramete r  X s o  t h a t  
the parameter  s p a c e  c o r r e s p o n d s  w i t h  t h a t  used  i n  t h e  t e x t .  The 
t r a n s f o r m a t i o n  i s  a  : 4X - 1 ,  and t h e  s t a b i l i t y  i n t e r v a l  o f  t h e  
f i x e d  p o i n t  becomes 0 < a  < 2 a s  d e s i r e d .  I n  t e rms  o f  pa ramete r  
a ,  E q .  (12)  becomes 
which i s  (1  1 )  i n  t h e  t e x t  ( f o r  a  > 1 )  . W e  remark t h a t  a s  a  
f u n c t i o n  o f  a ,  t h e  compos i t e  f u n c t i o n  (11)  i s  c o n t i n u o u s l y  
d i f f e r e n t i a b l e  a t  a  = 1 .  
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